CS395T: Continuous Algorithms, Part XI
Spectral graph theory

Kevin Tian

1 Discrete Markov chains

In this lecture, we begin our exploration of algorithms for sampling from distributions. We specifi-
cally give tools for designing and analyzing Markov chain Monte Carlo algorithms, whose strategy
for producing samples from a target stationary distribution 7 is to run a random walk which con-
verges, in appropriate senses which we will make formal, to 7. We focus this lecture on the discrete
Markov chain setting, where our goal is to produce a sample from a distribution 7 supported on
[d], which we view as a set of states that the random walk can take on.

A discrete Markov chain is specified by its transition matriz P € Rif)d; we view random walks and

transition matrices interchangeably. We let P;. denote the distribution of one step of the random
walk starting at the state ¢ € [d]. This means P;; is the probability that a random walk starting
at i € [d] moves to j € [d], so P;. € A?, the probability simplex in R?, for all i € [d]. One pleasing
consequence of viewing the random walk transitions as matrices is we can easily compute the
evolution of distributions over [d], when taking steps according to P. To see this, let u € A%, and
observe that if we randomly choose a starting state i € [d] proportional to u, then the probability
we end up at state j € [d] after taking one step of the random walk given by P is

Z piPij = [PTM]]‘ :

1€[d]

Iterating on this calculation shows that the transition matrix given by taking k € N steps of the
random walk in a row is P*. We additionally observe that P14 = 1,4 since all rows of P are in A%,
so 14 is a right eigenvector of P with eigenvalue 1. This implies that there is a corresponding left
eigenvector 7', also of eigenvalue 1, which means 7' P = 7. In other words, 7 is a stationary
distribution for P, which means that choosing an initial state according to 7w and taking one step
preserves the distribution 7. We have shown that a stationary distribution always exists.

A natural follow-up question is: when is the stationary distribution (i.e. left eigenvector with
eigenvalue 1) unique? If our goal is to use P to induce a target distribution 7, then we should at
least be sure our algorithm is well-posed, i.e. there are not two different target distributions 7, 7’
we could converge to. Towards this end, we aim to develop a better understanding of spectral
properties of P. We begin with a simple proof that the spectrum is bounded.

Lemma 1. IfP € Réf)d is a transition matriz with eigenvalue-eigenvector pair (A, v), then |A| < 1.

Proof. By definition, ||Pv||oc = |A|||v]|ec.! However, we also know that ||P||sc_0o = 1, since the
0o — oo norm is the largest #; norm of a row, and P is also a transition matrix. Therefore,

Alvllee = Pl < ol = Al < 1.

O

To understand when there is a unique eigenvalue with magnitude 1, we turn to the Perron-Frobenius
theorem [Per07, Frol2|, a famous result in matrix analysis which says that any square matrix which
is entrywise positive has a unique largest eigenvalue, that eigenvalue is real, and the corresponding
eigenvector has positive entries. The Perron-Frobenius theorem and Lemma 1 immediately imply

1We define the £, norm for complex vectors to be the largest magnitude of any entry.



that for any P which is entrywise nonnegative, i.e. all transitions have positive probability, there
is a unique stationary distribution of the corresponding random walk. More generally, we require
the following definition to characterize uniqueness of stationary distributions.

Definition 1 (Irreducibility and aperiodicity). Let P € R‘éﬁd be a transition matriz.
1. We say P is irreducible if for all (i,j) € [d] x [d], there exists k € N such that P}; # 0.2
2. We say P is aperiodic if for all i € [d], {k € N| P # 0} has greatest common divisor 1.2
We now prove uniqueness of stationary distributions for irreducible and aperiodic transitions.

Proposition 1. Let P € R‘%d be an irreducible and aperiodic transition matrix. Then, P has a
unique left eigenvector with eigenvalue 1 which is entrywise positive, and all other eigenvalues of
P have magnitude < 1.

Proof. We assert that for some k& € N, P* is entrywise positive. Note that any eigenvector-
eigenvalue pair (\,v) for P induces an eigenvector-eigenvalue pair for P*. Moreover, P* has a left
eigenvector with eigenvalue 1, because P*1; = 14, and left and right eigenvectors come in pairs
corresponding to eigenvalues. This eigenvalue is unique by Lemma 1 and the Perron-Frobenius
theorem, which also guarantees that the corresponding eigenvector is entrywise positive.

It remains to prove our earlier assertion. We sketch a proof, deferring details to Proposition 1.7,
[LPWO09]. The key technical claim we require is that any S C N which is relatively prime and
closed under addition (i.e. s,t € S = s+t € S) contains all but finitely many elements of N.*
Assuming this is true, let S; ;= {k € N | [P;;]* # 0} for all i € [d]. Then, S; is relatively prime
by aperiodicity, and it is closed under addition, since [P**t];; > [P?];;[P?];;.°> By applying our key
technical claim, it follows that ﬂie[d] S; also contains all but finitely many elements of N. Next,
irreducibility implies that for every (¢,j) € [d] x [d], there is some r;; such that [P"];; > 0, and
[Pk]ij is positive as long as k = r;; + k/, for some k’ such that Pfi, is positive. Therefore, there is
some k € N such that P is entrywise positive, proving our assertion. O

In order to continue our analysis of the spectra of transition matrices, it is helpful at this juncture
to introduce an alternative viewpoint, where we equate transition matrices with graphs.

Definition 2 (Graph-induced matrices). Let G = (V, E,w) be a weighted graph on vertices V and
directed edges E C V x V|, where w € REO gives the weight of each edge. We let Dg denote the
out-degree matrix of G, which is the diagonal matriz satisfying [Dalvw = D,y Wewu)- We let Ag
denote the adjacency matrix of G, where [Agluw = Wu,w for all (u,v) € E.

A key observation is that any weighted directed graph G = (V, E,w) in the sense of Definition 2
is naturally identified with a transition matrix on states [d], where d = |V'| and we equate vertices
v € V with states ¢ € [d] in an arbitrary but consistent way. To see this equivalence, consider

P :=D_'A¢. (1)

Note that the i*" row® of P is the outgoing weights from the i*" vertex, normalized by the out-
degree of the vertex. It is straightforward to check that this implies P is a transition matrix. This
equivalence has a simple interpretation: one step of the random walk induced by G starting from
a vertex chooses an outgoing edge proportional to its weight. To see that this equivalence goes
both ways, every transition matrix can be simply modeled by a graph such that every out-degree
is 1 (i.e. it has Iy as an out-degree matrix), and an adjacency matrix given by PT.

This equivalence is particularly interpretable when G is an undirected graph, meaning A, = Ag
(for every edge (u,v), there is an edge (v,u) with equal weight). In this case (and assuming
irreducibility and aperiodicity), we have the following straightforward characterization.

2In other words, regardless of the starting state, there is positive probability of visiting every other state.

3In other words, the iteration counts where it is possible to return to the starting state are relatively prime.

4For a proof, see Lemma 1.30, [LPW09].

5The probability that a random walk cycles from i to 4 in s + t steps is at least the probability that it cycles in
the first s steps, times the probability it cycles in the last ¢ steps.

6We will interchange states of a Markov chain and vertices of a corresponding graph in the rest of the lecture.



Lemma 2. Let G = (V, E,w) be a weighted graph, and (following Definition 2) suppose AL, = Ag
and Dg = diag (dg). Then defining P as in (1), and supposing P is irreducible and aperiodic
with unique stationary distribution w, we have
= de
ldell;

Proof. This follows from a direct computation:
T
d ) _ 1 dl
T G 1 T G T
T P= D "Ag=——1,Ac = =m'.
(Hdcl ¢ ldell, ™ lda ],

The third equality above used that Ag]lv gives the in-degrees of each vertex, but this is exactly
the out-degrees dg of every vertex as well because AL = Ag.7 O

Lemma 2 shows that the stationary distribution of a random walk corresponding to an undirected
graph is proportional to the vertex degrees. The notion of undirectedness in graphs is closely
related to a concept in Markov chain theory known as reversibility, which we next define.

Definition 3 (Reversible Markov chain). We say that a Markov chain associated with a transition
matriz P € R‘éxod is reversible (or, P is reversible) if it has stationary distribution 7, and

7T2'Pij = 7T]'Pji fOT‘ all (Z7j) S [d] X [d} (2)

Note that if we prove (2) holds for a transition matrix P and any 7 € A?, then 7 is stationary,
because the probability we end up at i after taking one step from a distribution initialized via  is

Z 7Tiji = Z 7TiPij = T;. (3)

j€ld] jeld]

Just as every Markov chain can be identified with a directed graph via (1), every reversible Markov
chain is naturally identified with an undirected graph. To see this, consider a graph G with out-
degrees m and adjacency matrix Ag = IIP, which induces P via (1). Then, (2) implies

[Acl,; = mPij =m;P;; = [Acly;,
i.e. G is undirected. Similarly, starting from an undirected graph G, the corresponding transition
matrix (1) satisfies (2), which is verifiable by undoing the above sequence of derivations with the
observation that 7 is proportional to the diagonal elements of D via Lemma 2.

We next observe that for an arbitrary (potentially non-reversible) transition matrix P, and a target
7 € A?, there is a simple modification to P proposed by [MRR*53, Has70] called the Metropolis-
Hastings rule, which forces P to both be reversible and to have stationary distribution 7.

Lemma 3 (Metropolis-Hastings). Let P € R‘éﬁd be a transition matriz, and for T € A%, denote

. . L dxd
the modified transition matriz P € sz) by?

_ P o o
P;; = P;;min (1, T]P] ) for all (i,7) € [d] x [d] with i # j, (4)
g

and such that {ﬁii}ie[d] are chosen so P is a transition matriz. Then T is stationary for P.

Proof. We verify (2) holds for P, which implies  is stationary by (3). To see (2), we compute

_ P TP _
—P..mi I I i P..+P..)=P..mi iV I R » Y
m;Pi; = P;; min (m, P ) = min (m;P;;, 7;P;;) = P;; min (7@, P ) =7;Pj;.
ij ji

O
In general, the Metropolis-Hastings correction (4) may change the support of the associated graph’s

adjacency matrix. However, under mild conditions, e.g. P;; > 0 iff P;; > 0, the support of the
adjacency matrix is unchanged, so the correction (4) preserves irreducibility and aperiodicity.

"We remark that this proof generalizes to Eulerian graphs, i.e. graphs which have equal in-degrees and out-degrees
for every vertex (but are not necessarily undirected).
8 Alternatively, P takes a step according to a proposal P, and accepts the move with a probability in [0,1].



2 Mixing times

Beyond simple characterizations such as Lemma 2, why do we insist on reversibility as a desirable
property for Markov chains? One reason is that the resulting matrix P is similar to a symmetric
matrix, via the characterization (1): for any G identified with a reversible transition matrix P,

1 T
D PD,* =D AcD,* = (DG AcD?) (5)

where the last equation used that graphs corresponding to reversible Markov chains are undirected.
This means that the spectral theorem applies to P, which gives us powerful algebraic tools to
analyze its convergence. Before stating a such a convergence result, we first give a brief digression
on the total variation distance, a natural measure of the convergence of sampling algorithms.

Definition 4 (Total variation distance). For two distributions P,Q on the same continuous sample
space ), we define their total variation distance (where we overload P,Q to denote the respective
probability density functions) by

1

Drv(P,Q) = / 1)~ Q)| do.

When € is discrete, we analogously let

Drv(P,Q) = 3 3 1P(w) ~ Q).

weN

The total variation distance enjoys the following characterizations (see Section 4.1, [LPW09]).

Fact 1. For two distributions P,Q, on the same sample space 2, we have the following equivalent
characterizations of Dy (P, Q).

1. Drv(P,Q) = supcq Pro~plw € A] = Prygw € Al.

2. Drv(P,Q) = inf cppq) Prww)ylw # W], where I'(P,Q) is the set of all couplings of
(P,Q), i.e. distributions v on  x Q such that for (w,w’) ~ ~, the marginal distribution of w
is P, and the marginal distribution of W' is Q.

The coupling characterization in Fact 1 is particularly useful when composing sampling algorithms,
because it can be handled via the union bound. For example, suppose we first run a sampling
algorithm A to approximately produce a sample from a distribution 7 up to total variation distance
¢, and then given the output of A, we run another algorithm A’ which approximately samples from
7’ up to total variation distance €', provided it was initialized with 7. By using Fact 1, we can
bound the total variation distance between A’ oA to 7/, by first coupling the output of A to 7, and
then pretending A’ was initialized with 7, which happens except with probability € under some
coupling. The overall failure probability of the best coupling is then upper bounded by € + €.

We mention that the optimal coupling -y in the second part of Fact 1 is the one that, with probability
1 — Drv(P,Q), returns (w,w) for w € Q sampled with probability

min{P(©), Q@) _ min{P),Q)}
S eqmin{P(w), Q(w') dw’ 1—Drv(P,Q) ’

and otherwise returns (w’,w”) for an arbitrary coupling of the densities

P') —min{P(w),Qw)}  P()—min{P(w’) Qw)}
Joeq (P(w) = min{P(w), Q(w)}) dw Drv(P, Q) 7
P(w") — min{P(w"), Q(w")} _ Qw") — min{P(w"), Q(w")}
fweQ (P(w) — min{P(w), Q(w)}) dw Drv(P,Q) ’

The marginal density of the first coordinate is then min{P, Q}+ P —min{ P, Q} = P, and similarly
the second marginal is distributed as ). In the above calculations, we used that

/ (P(w) — min{P(w),Q(w)})dw =1 — / min{ P(w), Q(w)}dw
weN weN (6)
= [ Q) = min{P(e). Q) d.



and therefore

Prv (P =y [ PO -Qdi= [ max{P),Q) - min{P). QL) d
% (/WGQ (P(w) = min{P(w), Q(w)}) dw + /MGQ (Qw) — min{P(w),Q(w)})dw) .

Finally, (6) showed that the two quantities in the final expression above are equal, so they both are
Dy (P, Q). We are now ready to give our first convergence analysis on random walks, measured
in total variation. Our proof relies on the spectral theorem applied to our transition matrix P.

Theorem 1 (Spectral convergence of random walks). Let P € R‘%d be a reversible, irreducible,
and aperiodic transition matriz with stationary distribution 7, let I := diag (7), and let € € (0,1).
Let {)i}icja) be the eigenvalues of IZPII 2 in nondecreasing order, with 1 = Ay > Ao. Then for
any 11 € A, we have

kT o
Drv ((P*) ) <, ka>1°gmmm< ' >

2e min;¢q) 7

Proof. By Proposition 1, we have that |\;| < 1 for all i # 1, and all eigenvalues of P := >PII >
are real because P is symmetric via reversibility of P. Next, observe that if we let {v;};c[q be the

eigenvectors of P sorted the same way as {A; }ie[q), so that v; = \/m where /- is entrywise,

d

~ T

P = IT#PMII: =T3S Ao/ TIF = Ly ' + > A (H—%vi) (H%vi) .
icld] i=2

Therefore, for all (z,5) € [d] x [d], we have by our lower bound on k,

Ao, [Aa])”
[Pk}ij_ﬂ-j_\/ﬂjz)‘é vdiloelj < [helF e < max.(‘ 2 [Adl) "y < 2em;. (7)

—2 T35 MiNge(q) Te

Finally, we compute the j'" coordinate of (P*)"y —

(@Y u]; =] = | 32 PH] s | — 5| < 2ems,

i€[d]
using (7). The conclusion follows by summing the above display over j € [d], since |||, =1. O

The takeaway from Theorem 1 is that if all eigenvalues of P are contained in the range [—1 +
p, 1 — p] for some p > 0, then the random walk achieves e total variation from 7 from an arbitrary
starting distribution, after ~ % log(%) steps, assuming the stationary distribution 7 places at least
a polynomially-small amount of weight on every state. To make Theorem 1 more interpretable, a
common strategy is to assume that P is lazy, i.e. there is a transition matrix P such that

P= %(Id +P). (8)

If P’ is irreducible and aperiodic, so is P because the support of the relevant graph has not
changed. In this case, it is further straightforward to check via the characterizations (1), (5)
that the eigenvalues of P are the average of the eigenvalues of P’ (which are all in (—1,1] by
Proposition 1) and the eigenvalues of I, so they all lie in (0, 1]. In this case, the convergence rate
in Theorem 1 can be restated as achieving € total variation when

1 1
k~ log - .
1— X €min;eq) T;

As we will see in a later lecture, this matches the expected behavior of the power method applied
to P to compute a leading eigenvector. The quantity 1 — Ao is referred to as a spectral gap in this




context; the further A\ is separated from 1, the faster the random walk mixes. The matrix (8) is
called lazy because in each iteration, it chooses to skip the iteration with probability % 9

Finally, we mention that the linear convergence rate of Theorem 1 is a more generic phenomenon
than the proof belies. That is, constant total variation guarantees can always be boosted to e
distance at a log % overhead, even without the reversibility assumption or any spectral characteri-
zation.'® We now illustrate this phenomenon with the following formal definition.

Definition 5 (Mixing time). Let P € Riﬁd be an trreducible and aperiodic transition matriz with
stationary distribution 7. For any € € (0,1), we define Tmix(€), the e-mixing time of P, to be the
smallest integer k € N such that'!

-
féi’i Dty ((Pk) /1,77'() <e. 9)

If e = %, we call this the mixing time of P for short.

As an application of the coupling characterization of Dty in Fact 1, note that if (9) holds for a
value of k, then it also holds for any k' > k. To see why, there is a coupling s, € I'((P¥) T, 7) that
sets i = i/ except with probability ¢, for (i,i’) ~ 7. Now consider the coupling of T'((P*)T p, )
which first draws (i,7") ~ 7%, and then advances (i,7') in the same way according to P for ¥’ — k
steps if 4 = 4/, and otherwise arbitrarily applies P for k' — k steps. The output distribution has
marginals ((Pk/)Tu, 7) since PT7 = 7, so it is a valid coupling, and preserves i = i’ with at least
the same probability as before, so the total variation remains bounded by e.

We now quantitatively strengthen this argument. To do so, we introduce the notation

— BT AL — BT (pk\ T
A(k) = Iirel;[i;i)](DTV ((P ) ez,w>, A(k) : (M)rrel[a}i:](x[d] Dtv ((P ) e;, (P ) ej). (10)

Lemma 4. Let P € R‘%d be an irreducible and aperiodic transition matrix with stationary distri-
bution . Following notation (10), A(k) < A(k) < 2A(k) for all k € N.

Proof. The upper bound on A(k) is immediate because the total variation distance satisfies the
triangle inequality, which can be seen by applying the second characterization in Fact 1.'2

For the lower bound, we use the first characterization in Fact 1. Let A C [d], and note that

SPIILIIE) SPs

ac€A je[d] acA

by stationarity of 7 for P¥. Therefore,

=1 Z 2w ([ e, [P el

> [P e .

a

a€A a€A j€eld]
kYT ~
<> mDrv (P e, (PF) o) <AK).
jeld]
Taking the maximum over all possible A proves that A(k) < A(k). O

We also observe that A decays at a linear rate.

Lemma 5. Let P € RdXd be an irreducible and aperiodic transition matrix with stationary distri-
bution 7. Following notation (10), A(s +1t) < A(s)A(t) for all s,t € N.

9This does not qualitatively change the algorithm, but facilitates simpler analyses.

100f course, the spectral characterization helps us achieve constant Dyv in the first place.

1By convexity of the #1 norm, the maximum is achieved by u deterministically choosing a state.

12Given three distributions P, @, R, first draw a sample from @, and then draw conditional samples from P | Q,
R | Q from their joint distributions prescribed by the optimal couplings. This gives a coupling of (P, Q, R), where
the total probability that the samples from (P, R) disagree is < Dy (P, Q) + D1y (Q, R) by a union bound.



Proof. Let {wi}r>0 be a random sequence of states in [d] evolving according to P from wy = ¢, and
similarly let {wj, }x>0 evolve according to P from w(, = j. Note that for any A C [d] and s,t € N,

Prlwsyt € A] = E,,, [Priwsst € A | ws]],

by the law of iterated expectations. Therefore, letting v be a coupling of w, and w achieving
Pry, w~vylws # wi] < A(s), we can bound

Prlwsis € A — Prlw,,, € A] = Eq, [Prlwsss € A | ws]] — Euy [Prlwl,, € A|w)]]
< E(w,w!)~ry HPF[WSH € A|wg] —Prlw;, €Al W;” : 1ws¢w.é]
< B wnynry [B() - Loy ] < A(E) - A(s).
In the second inequality, we viewed wsy; and w_; as the results of ¢-step random walks initialized
at w, and W/, respectively. The conclusion follows by taking the maximum over all possible A. [
We conclude with our generic boosting of mixing times to high accuracy.

Corollary 1. Let P € R‘éﬁd be an irreducible and aperiodic tramsition matriz with stationary

iz () ()]

Proof. Let k := Tix(), so by definition, A(k) < +. Lemma 4 then shows A(k) < %, so A(k -
[log,(£)]) < € by repeatedly using Lemma 5. The claim follows by using Lemma 4 once more. [

distribution w. For all € < i,

Corollary 1 shows that for discrete Markov chains, the qualitative challenge is establishing a bound
on Tiix (€) for constant €, because this also implies a bound for all smaller € at logarithmic overhead.
Interestingly, although Corollary 1 continues to hold for continuous sample spaces, the definition of
Tmix(i) is often too stringent, since an initialization at a single point mass does not induce a finite
relative density to the target distribution, making bounding the convergence rate challenging.'?
Nonetheless, we will see an analog of Corollary 1 in the continuous sampling setting as well.

3 Cheeger’s inequality

Recall from Theorem 1 (and the discussion immediately following it) that for a reversible, irre-
ducible, and aperiodic transition matrix P with the lazy form (8), the goal of establishing a mixing
time bound is equivalent to lower bounding the spectral gap, 1 — Ao, where Ag is the second-largest
eigenvalue of P. In this section, we develop a combinatorial strategy to lower bound 1 — Ag,
and hence establish rapid mixing. It will help to adopt a graph-based point of view, and let
G = (V, E,w) be an undirected weighted graph such that P = DélAg; recall this is without loss
of generality from the discussion after Definition 3. In this notation, we let

_1 _1
NG = IV 7DG2AgDG2. (11)
By using the characterization (1) and rearranging, we note that we also have
N =D (Iv - P) D', (12)

so the second-smallest eigenvalue of N and the second-largest eigenvalue of P sum to 1. Therefore,
to establish a spectral gap, we can equivalently lower bound the second-smallest eigenvalue of Ng
(note that N¢ has a kernel, just as P has an eigenvector of 1). We also remark that Ng =

_1 _1
D.*LeD.?, where Lg is the Laplacian matriz introduced in Definition 5, Part II. For this
reason, N¢ is often called a normalized Laplacian. For the remainder of the section, we let

)\6 = Ag—1 (Ng) (13)

be the second-smallest eigenvalue of a normalized Laplacian, which per our discussion is also the
spectral gap of an associated random walk P, i.e. A\§ =1 — A (P).

To bound Af;, we use the following combinatorial notion.

13For example, the analog of min;eq) m; in Theorem 1 is always 0.



Definition 6 (Conductance). For an undirected graph G = (V, E, w), let deg(v) := Z(u,v)eE W)
denote the degree of vertex v € V.. For a subset S CV, let deg(S) := > _odeg(v), and let

a(S) := Z W)

(u,0)E(SXV\S)NE

veES

denote the total weight crossing the boundary from S to V'\ S. We define the conductance of G by

: a(S)
O = min D;(S), where g(S) := — . 14
oS5V min (deg(S), deg(V \ S)) (14)

To demystify the definition (14), if deg(S) < deg(V \ S), then a direct calculation shows ®(S) is
the probability that a random walk, initialized within S according to the stationary distribution,
leaves S in one step. Cheeger’s inequality states that for all undirected graphs G,'*

4§§¢Gnga (15)

Intuitively, it is not surprising that ®s governs the mixing time of a random walk on G, because
if &g is large, then no set S is a “bottleneck” in the sense that we are reasonably-likely to leave
S in a single step.!® We focus on proving the upper bound in (15), because this is the useful
inequality to establish a lower bound on the spectral gap A5.'® We mention that the bound is
tight asymptotically, as witnessed by an unweighted path graph on d vertices; Hoeffding’s inequality
shows that it takes about d? steps of a random walk to reach one end from the other, and one can
check that &g = @(é) for this graph, witnessed by including the first g vertices in S.

Theorem 2 (Cheeger’s inequality). Let G = (V, E,w) be a connected undirected graph. Following
the notation (13), (14), ®g < /2A}.

Proof. Let D = diag (A), where A, := deg(v) for all v € V. Recall that 1y is the leading right
eigenvector of P, so following the characterization (12), the kernel of N is spanned by /A where
/- is applied entrywise. Hence, we can characterize A5, the second-smallest eigenvalue of N¢, by

™ L
AL = min % = min yTiGy, (16)
xE\R/‘i H5L'||2 yiRA‘/y DGy
zlVA Y

where Lg := Dg — Ag is the Laplacian matrix of G. The first equality above used the min-max
eigenvalue theorem (Proposition 2, Part V), and the second changed variables v/A oy < z, where
o denotes entrywise multiplication. We claim that for any nonzero vector y L A, we can produce
a random set Sy C V, from a family of sets .S; parameterized by ¢, such that

E/ [0(S1)] < /2p - E¢ [min (deg (S;) , deg (V'\ S,))], where p := Doy (17)
Assuming (17), for some realization S;, we must have 9(S;) < /2p- min(deg(S;), deg(V '\ S;)), else
this would contradict (17) by averaging over t. The realization S; satisfying this inequality then
certifies ¢ < /2p, and the claim ®¢ < /2% follows by minimizing p over y, using (16). For the
remainder of the proof, we fix a nonzero y € RV with y L A, and establish (17). We also assume
without loss of generality that y has coordinates indexed by i € [d] sorted in increasing order (for
d := |V|), by relabeling vertices as necessary. We now construct S; after two modification steps.

In the first step, we observe that for any constant shift ¢ € R and z := y + cly, we have y ' Lgy =
2" Lgz, because 1y is in the kernel of Lg.'7 Furthermore, we have for any ¢ € R,

' Daz=» Ai(yi+0°>> Aw?=y Day,
i€[d] i€[d]

14 Cheeger’s inequality was proved originally in the context of certain expansion properties of manifolds [Che69],
and the proof is actually somewhat simpler in this continuous setting. For an exposition on the relationship between
the continuous and discrete proofs of Cheeger’s inequality, we refer the reader to the blog post [Trel3].

15In contrast, for a classic example of a graph G that does have a very clear bottleneck, consider a “dumbbell
graph” consisting of two complete graphs on %|V\ vertices each joined by a single edge. A random walk on a
dumbbell graph is unlikely to cross between the two complete graphs, which is reflected in its poor conductance.

16 Tragically, the lower bound in (15) is actually the easier bound to prove; see Chapter 21, [Spil9].

17This can also be directly seen from the Laplacian quadratic form computed in Lemma 10, Part II.



where the only inequality used that the left-hand side is a quadratic in ¢, whose first-order optimal-
ity condition 2 Zie[d] Ay =2 Zie[d] A;c implies ¢ = 0 is the minimizer, since y 1. A. Therefore,
any shift ¢ € R will yield z = y 4+ ¢l with

2Lz

18
2TDgz — P (18)

because the numerator stayed the same and the denominator did not decrease.

In the second step, we choose c. Let j € [d] be the largest vertex index such that >, 4 A; <

1 deg(V). We pick c as a function of y, so that zj41 = 0. We also normalize z so that 27 + 23 = 1,
which is without loss of generality since scaling by a constant does not affect the ratio (18).

Now, we define the family S; to be the threshold family, where for a given value of ¢,
Sp:={ie[d]|z <t}.

We choose ¢ according to the density 2|t|, over ¢ € [z1, z4]. Note that for any [a,b] C [21, z4],
b
Pr]t € [a,b]] = / 2[t]dt = sign(b) - b? — sign(a) - a2, (19)
a

so that Pr[t € [21, 24]] = 27 4 22 = 1 by assumption, so this is a valid probability distribution. To
finish our proof of (17), it is enough to bound E;[0(S;)] and E;[min(deg(S;), deg(V \ St))].

We start with the latter. The way we chose z (via the shift ¢ in the second step above) is so that
if t > 0, deg(S;) < deg(V \ S;), and this inequality is reversed if t > 0.1® Thus,

E: [min(deg(S;),deg(V \ Si))] = Z A;-Priz <t<0]+ Z A;-Prlz; >t >0]

i€ld] i€ld]

2;<0 z; >0 (20)
=Y Az =2"Dgz,

1€[d)

where we used the formula (19) twice. Next, before bounding E;[0(S¢)], we make a brief observation
which follows by casework on signs: for any a,b € R,

sign(a) - a® — sign(b) - b < |a — b| (|a| + |b]) . (21)

Therefore,
E [0(S)] = > wy) Priz <t <zl
(ij)EE
1<J
= > way - (sign(z) - 27 —sign(z)) - 27)
(ij)€E
1<)
< 3wy -z — 2l (] 1) (22)

(i.j)€E
i<j

> wagy (=) | Y wagy - (zl + )
(i,J)EE (i,j)EE
i<j 1<J

IN

V2TLgz-/2:TDgz.

The first inequality applied (21) edgewise, the second was the Cauchy-Schwarz inequality, and the
last used the definition of L (see Lemma 10, Part IT) and the scalar inequality (a+b)? < 2a%+2b%.
Putting together (18), (20), and (22), we finally have proved (17), which establishes our claim:

IN

E.[0(S))] < V2 TLgz- /22 TDgz < \/2p-2"Daz = \/2p - E; [min (deg(S;), deg(V \ S4))] .

18The event ¢ = 0 is a measure-zero event, so we ignore it in calculations.



By combining Theorems 1 and 2, we have shown the following.

Corollary 2. Let P € Riﬁd be a reversible, irreducible, aperiodic and lazy transition matriz with
stationary distribution w, and let G = (V, E,w) be an weighted undirected graph such that (1)

holds. Then for any u € A?, we have

T 2 !
D (Pk ,><,'k>—-1 Qeminge g )
v ( ) n,m) <€ Zf = (I)é 0g (26 minie[d] 7Ti>

One interesting consequence of the proof of Theorem 1 is a practical strategy for partitioning
a graph G into two well-connected and large components, known as a sparse cut. Specifically,
Theorem 1 takes a modification of an eigenvector of an appropriate matrix (e.g. N ) and constructs
a set Sy by thresholding the coordinates of y at a cutoff value t. The resulting cuts (S, V'\ St) in
G are known as sweep cuts. Spectral partitioning in practice often uses variations of this strategy,
which was explicitly suggested by [SM00| and analyzed in [KVV04]. More generally, multiway
generalizations of Cheeger’s inequality and resulting spectral partitioning methods, i.e. partitions
which allow for > 2 pieces of a graph, were provided by [LGT12, KLL"13].

Corollary 2 shows that undirected graphs G which have good conductance behavior, i.e. large ®¢,
induce random walks which mix quickly. We call a graph G a ¢-expander if &g > ¢, which means
that every partition of V into S, V'\ S has at least a ¢ fraction of edges of the smaller side’s degree
crossing between S and V' \ S. Intuitively, these are exactly the types of graphs which have no
bottlenecks, as discussed before Theorem 1. For example, the Laplacians of expander graphs are
well-conditioned as a result of Theorem 2, which implies that the leverage scores (Definition 2,
Part VIII) of the graph edges are all bounded; this turns out to have important consequences for
the fault tolerance of expander graphs, since no single edge is too important. Moreover, expanders
have a number of additional extremely useful properties which have been exploited throughout
theoretical computer science, such as coding theory [SS96] and pseudorandomness [Vad12].

The breakthrough work of [ST14] launched a revolution in modern graph algorithms by quantifying
the realization that all graphs can in fact be decomposed into a small number of disjoint expanders,
and a small fraction of crossing edges which can then be recursed upon. We provide a simple
example of such an expander decomposition for the reader’s interest.

Proposition 2. Let G = (V,E,1g) be an undirected, unweighted graph with n := |V|, and let
¢ € (0,1). There exists a partitioning of V into disjoint subsets {V;}icp) such that Uie[k] Vi=V,
where every induced subgraph'® G[V;] is a ¢-expander, and

He = (u,v) € E|ueVi,veVji#j}| <2¢logy(n) El.

Proof. Consider the algorithm which maintains a list L of subsets of the vertices of G, initialized
to a single element V', such that the elements of L always forms a partitioning of V into disjoint
subsets. Moreover, any time there exists U € L such that G[U] is not a ¢-expander, i.e. there
exists a partition Uy, Uy such that Uy UUs = U, Uy N Uy = (), and the number edges between Uy
and Uy in G[U] is at most ¢ - min(deg(Uy), deg(Uz)) (where degrees are measured with respect to
edges in G[U]), we delete U from L and add U;,Us. This algorithm terminates after at most n
steps, since there are only n vertices, and at termination every piece is a ¢-expander by definition.

It remains to bound the total number of edges cut by this process. We do so by a charging
argument, where every vertex in G is initialized with a potential of 0. Every time we partition U
into two pieces Uy, Uy with deg(U;) < deg(Us) (where again, degrees are measured with respect to
G[U]), we add ¢ deg(u) to the potential of each u € Uy on the smaller side, so the total potential
of all vertices always upper bounds the number of cut edges by definition. At the end of the
algorithm, each vertex can only have a maximum potential of ¢ log,(n) deg(u), since it can only be
on the smaller side of a cut at most log,(n) times. Summing over all vertices yields the claim. [

For example, Proposition 2 shows that every undirected, unweighted graph can be partitioned into
Q( )-expanders and a small constant fraction of edges which cross between partition pieces.

1
logn

YFor U C V, we let G[U] denote the induced subgraph onto U, i.e. the subgraph of G which keeps all edges
between vertices in U with the same weight as in GG, and deletes all other edges and vertices.

10



As stated, Proposition 2 is not known to be implementable in polynomial time, because the
sparsest cut problem (finding the value of ®¢ or a set S witnessing it) is NP-hard, and we
do not know any polynomial-time constant factor approximations of it either. Nonetheless, by
exploiting variants of flow-cut duality, a line of research has obtained efficient algorithms for
computing polylogarithmic factor approximations to the sparsest cut in nearly-linear time, as
well as cuts achieving various tradeoffs along the approximation factor-runtime tradeoff curve
[LR99, ARV09, KRV09, OSVV08, She09]. By using local variants of these sparsest cut approxi-
mation algorithms with runtime proportional only to the size of the partition piece being isolated,
we now have expander decomposition algorithms which run in nearly-linear time and achieve the
guarantee in Proposition 2 up to a polylogarithmic factor, even for weighted graphs. The first such
example can be found in [SW19], building upon a weaker variant of this primitive from [ST14].

More generally, variants of the expander decomposition strategy that partition a potentially poorly-
behaved graph into pieces having significantly stronger local properties (e.g. good conductance),
and then recurse on the remainder, have led to many breakthroughs in classical problems in recent
years. We refer the reader to the excellent course [Sar21] for more on these techniques, as well as
the thesis [Li21| for a unified perspective on modern applications of the decomposition toolbox.
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Source material

Portions of this lecture are based on reference material in [AF02, LPW09, Spil9], as well as the
author’s own experience working in the field.
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